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ABSTRACT
Suppose the knot group G(K) of a knot K has a non-abelian representation ρ on
A4 ⊂ GL(4,Z). We conjecture that the twisted Alexander polynomial of K associated to
ρ is of the form:
»
∆K(t)
1− t
–
ϕ(t3), where ϕ(t3) is an integer polynomial in t3. We prove the
conjecture for 2-bridge knots K whose group G(K) can be mapped onto a free product
Z/2 ∗Z/3. Later, we discuss more general metabelian representations of the knot groups
and propose a similar conjecture on the form of the twisted Alexander polynomials.
Keywords: Alexander polynomial, 2-bridge knot, knot group, metabelian representation,
twisted Alexander polynomial, continued fraction.
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1. Introduction
In this paper, which is a sequel of [4], [5], we consider non-abelian representations
of the knot group G(K) of a knot K on metabelian groups. First we study a
representation of 2-bridge knot groups on the alternating group A4 of order 12,
the simplest metabelian group, which we call an A4-representation. It is shown in
[7] and [2] that G(K) has a A4-representation if and only if ∆K(ω)∆K(ω
2) ≡ 0
(mod 2), where ∆K(t) is the Alexander polynomial of K and ω is a primitive cubic
root of 1. For a 2-bridge knot K(r), Heusner gives a nice criterion for G(K(r)) to
have an A4-representation in terms of the degree of ∆K(t) [3]. In the later section,
we discuss briefly the general metabelian representation of the knot groups.
Now, let ρ : G(K)→ A4 be an A4-representation of G(K). We may assume that
one meridian generator maps to (123). Let K(r), r ∈ Q, 0 < r < 1, be a 2-bridge
1
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knot with a Wirtinger presentation
G(K(r)) = 〈x, y|R〉, R =WxW−1y−1. (1.1)
Suppose that G(K(r)) has an A4-representation ρ such that
ρ(x) = (123) and ρ(y) = (142). (1.2)
Let ξ : A4 → GL(4,Z) be the permutation representation ofA4. Then ξ is equivalent
to ξ˜:
ξ˜(123) =


1 −1 0 0
0 −1 1 0
0 −1 0 0
0 −1 0 1

 and ξ˜(142) =


1 0 0 −1
0 0 0 −1
0 0 1 −1
0 1 0 −1

 (1.3)
and hence, ξ0 : A4 −→ GL(3,Z) given by
ξ0(123) =

 −1 1 0−1 0 0
−1 0 1

 and ξ0(142) =

 0 0 −10 1 −1
1 0 −1

 (1.4)
defines an irreducible representation of A4. Combining them, we have a A4-
representation of G(K(r)), ρ0 = ρ ◦ ξ0 : G(K(r)) −→ GL(3,Z), and the twisted
Alexander polynomial ∆˜ρ0,K(r)(t) of K(r) associated to ρ0 is defined.
From the forms of ξ˜ and ξ, we see immediately that the twisted Alexander
polynomial ∆˜ρ,K(t) is the product of ∆˜ι,K(t) and ∆˜ρ0,K(t), where ι is a trivial
representation. Since ∆˜ι,K(t) = ∆K(t)/(1−t), the conjecture stated in the abstract
is rephrased as follows:
Conjecture A. For a 2-bridge knot K(r) with an A4-representation, ∆˜ρ0,K(r)(t)
is an integer polynomial in t3 (up to ±tk ), namely,
∆˜ρ0,K(r)(t) = ±t
kϕ(t3), for some integer polynomial ϕ(t). (1.5)
We prove this conjecture for K(r) in H(3), where H(3) is the set of K(r) such
that G(K(r)) maps onto a non-trivial free product Z/2 ∗ Z/3. The proof will be
given in Section 2 through Section 5. Since our proof is similar to those given in
the previous two papers [4] and [5], we will skip some details in our argument.
In the last Section 6, we discuss general metabelian representations and state
a similar conjecture on the form of the twisted Alexander polynomials. We give
several examples that justify our conjecture.
For convenience, we draw a diagram below consisting of various groups and
homomorphisms.
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GL(4,Z)
ր ξ
G(K) −→
ρ
A4 −→
ξ0
GL(3,Z)
↓
ZA4 −→
ξ˜0
M3,3(Z)
ZF (x, y) −→
ρ˜
A˜(x, y)
↓ ν∗
[ZF (x, y)][t±1] −→
ρ∗
A˜(x, y)[t±1] −→
η
GL(3,Z[t±1])
Here, (1) ρ0 = ρ◦ ξ0, (2) ν
∗(
∏m
i=1 x
kiyℓi) = (
∏m
i=1 x
kiyℓi)tq, q =
∑m
i=1 ki+
∑m
i=1 ℓi.
2. Z-algebra A˜(x, y)
Denote x = (123) and y = (142). Let X = ξ0(x) and Y = ξ0(y). We define an
algebra A˜(x, y) using the group algebra ZA4 as follows.
Let ξ˜0 : ZA4 −→ M3,3(Z) be a linear extension of ξ0 and S = (ξ˜0)
−1(0) be the
kernel of ξ˜0. Then ZA4/S is a non-commutative Z-algebra, denoted by A˜(x, y).
Proposition 2.1. In A˜(x, y), the following formulas hold.
(1) x3 = y3 = (xy)3 = 1,
(2) xyx = yxy,
(3) (xy−1)2 = 1,
(4) xyx = x−1y−1x−1,
(5) (x + y)2 = (x−1 + y−1)2 = 0,
(6) xyx(x + y) = (x+ y)xyx = −(x+ y),
(7) xyx(x−1 + y−1) = (x−1 + y−1)xyx = −(x−1 + y−1),
(8) (x + y)(x−1 + y−1) + (x−1 + y−1)(x+ y) = 2(1− xyx),
(9) xy + yx = −(x−1 + y−1) and x−1y−1 + y−1x−1 = −(x+ y). (2.1)
Only a few formulas below are needed to prove Proposition 2.1, and details are
omitted. ✷
X + Y =

−1 1 −1−1 1 −1
0 0 0

 , X−1 + Y −1 =

−1 −1 10 0 0
−1 −1 1

 and XYX =

−1 0 0−1 0 1
−1 1 0

 (2.2)
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Now, let L(t) be the set of Laurent polynomials in t with coefficients in A˜(x, y).
Write f(t) =
∑
−∞<j<∞
djt
j , dj ∈ A˜(x, y).
Definition 2.2. A polynomial f(t) in L(t) is called twin if f(t) satisfies the fol-
lowing conditions:
(1) If j ≡ 0 (mod 3), then dj = cj + c
′
jxyx, where cj , c
′
j ∈ Z.
(2) If j ≡ 1 (mod 3), then dj = aj(x+ y), aj ∈ Z.
(3) If j ≡ 2 (mod 3), then dj = bj(x
−1 + y−1), bj ∈ Z. Furthermore,
(4) for any j, a3j+1 = b3j+2. (2.3)
The set of twin polynomials is denoted by T (t).
Proposition 2.3. T (t) is a non-commutative subring of L(t).
Proof. Let f(t) and g(t) be twin polynomials. Obviously, f(t) ± g(t) is twin. To
show f(t)g(t) is twin, it is enough to show that for any m ∈ Z,
(1) f(t)t3m ∈ T (t) and f(t)xyxt3m ∈ T (t).
(2)
{
(x+ y)t3m+1 + (x−1 + y−1)t3m+2
}{
(x + y)t3ℓ+1 + (x−1 + y−1)t3ℓ+2
}
∈ T (t).
(2.4)
These formulas follow from (2.1) (5)-(8). ✷
3. Main Theorem.
Let K(r) be a 2-bridge knot in H(3). Then the continued fraction of r = β/α, α ≡
β ≡ 1 (mod 2), is of the following form. (See [1], [6])
r = [3k1, 2m1, 3k2, 2m2, · · · , 2mq−1, 3kq].
Consider a Wirtinger presentation of G(K(r)):
G(K(r)) = 〈x, y|R〉, R =WxW−1y−1.
Since K(r) ∈ H(3), R is a product of conjugates of R0 = xyxy
−1x−1y−1, namely
R =
m∏
j=1
ujR
ǫj
0 u
−1
j , (3.1)
where uj are words in the free group F (x, y) freely generated by x and y, and
ǫj = ±1. Therefore,
∂R
∂x
=
m∑
j=1
ǫjuj
∂R0
∂x
, where
∂
∂x
denotes the free derivative.
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Let ρ˜ : ZF (x, y) −→ A˜(x, y) be an algebra homomorphism defined by
ρ˜(x) = x and ρ˜(y) = y.
We write λ(r) = ρ˜(
∑
j ǫjuj) ∈ A˜(x, y) and λ
∗(r) = (ν∗ ◦ ρ∗)(λ(r)) ∈ A˜(x, y)[t±1].
Then the following is shown in [4]:
∆˜ρ0,K(r)(t) =
{
det ξ˜0(λ
∗(r))
}
∆˜ρ0,K(1/3)(t). (3.2)
We note that ∆˜ρ0,K(1/3)(t) = 1− t
3.
Now our main theorem is the following:
Theorem 3.1. If K(r) ∈ H(3), then ∆˜ρ0,K(r)(t) = ϕ(t
±3), where ϕ(t) is an integer
polynomial.
Since ∆˜ρ0,K(1/3)(t) = 1 − t
3, the theorem is a consequence of Proposition 3.2
below:
Proposition 3.2. Under the same conditions of Theorem 3.1, we have;
det[ξ˜0(λ
∗(r))] = ϕ0(t
±3), for some integer polynomial ϕ0(t).
4. Proof of Proposition 3.2. (I)
In this section, we prove some basic formulas needed to prove the main theorem.
However, since these formulas are mostly technical, we omit some details. (See [5].)
Now, we denote;
(1) Q0(t) = 1,
(2) For m ≥ 1,
(a) Qm(t) = 1 + (yx)t
2 + (yx)2t4 + · · ·+ (yx)mt2m,
(b) Q−m(t) = (yx)
−mt−2mQm−1(t) = (x
−1y−1)t−2 + (x−1y−1)2t−4+
· · ·+ (x−1y−1)mt−2m. (4.1)
We claim first the following:
Proposition 4.1. Let k ≥ 0, then we have;
(1) y−1t−1[(1− yt)Q3k+1(t)yt+ (yx)
3k+2t6k+4](1 − xt) ∈ T (t).
(2) y−1t−1(1− yt)Q3k+2(t)yt(1− xt) ∈ T (t).
(3) y−1t−1[(1− yt)Q−(3k+1)(t)yt− (x
−1y−1)3k+1t−(6k+2)](1 − xt) ∈ T (t).
(4) y−1t−1(1− yt)Q−(3k+3)(t)yt(1− xt) ∈ T (t). (4.2)
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Proof. For simplicity, we denote a = x+ y and b = x−1+ y−1. A proof will be done
by induction on k. First, straightforward computations prove for the initial cases.
(1) y−1t−1{(1− yt)Q1(t)yt+ (yx)
2t4}(1− xt)
= 1− at− bt2 − xyxt3 ∈ T (t).
(2) y−1t−1(1− yt)Q2(t)yt(1− xt)
= 1− at− bt2 + 2xyxt3 − at4 − bt5 + t6 ∈ T (t).
(3) y−1t−1{(1− yt)Q−1(t)yt− (x
−1y−1)t−2}(1− xt)
= −xyxt−3 − at−2 − bt−1 + 1 ∈ T (t).
(4) y−1t−1(1− yt)Q−3(t)yt(1− xt)
= t−6 − at−5 − bt−4 − 2xyxt−3 − at−2 − bt−1 + 1 ∈ T (t).
Now suppose the formula hold for k = k and we prove them for k = k + 1.
Proof of (1). Since Q3k+4(t) = Q3k+1 + (yx)
3k+2t6k+4Q2(t), we see
y−1t−1{(1− yt)Q3k+4(t)yt+ (yx)
3k+5t6k+10}(1− xt)
= y−1t−1{(1− yt)Q3k+1(t)yt+ (yx)
3k+2t6k+4 + (1 − yt)(yx)3k+2t6k+4Q2(t)yt
− (yx)3k+2t6k+4 + (yx)3k+5t6k+10}(1− xt).
Therefore, by induction hypothesis, it suffices to show that
y−1t−1{(1− yt)(yx)3k+2t6k+4Q2(t)yt
− (yx)3k+2t6k+4 + (yx)3k+5t6k+10}(1− xt) ∈ T (t), (4.3)
or equivalently
y−1{(1− yt)(yx)2Q2(t)yt− (yx)
2 + (yx)2t6}(1− xt) ∈ T (t). (4.4)
However, it is straightforward to show that
{y−1(1− yt)(yx)2Q2(t)yt− xyx+ xyxt
6}(1− xt)
=− xyx− at− bt2 + 2t3 − at4 − bt5 − xyxt6 ∈ T (t).
Since other cases can be handled in the same way, details will be omitted. ✷
Now, to prove Proposition 3.2, we need explicit recursion formulas for λ(r). To
obtain such formulas, we write
rq = [3k1, 2m1, 3k2, 2m2, . . . , 2mq−1, 3kq].
Then λ(rq) is exactly w2q−1 in [4]. Using formula there, we can compute λ(rq)
inductively. We only state formulas without proof.
Proposition 4.2. Let rq = [3k1, 2m1, 3k2, 2m2, . . . , 2mq−1, 3kq].
Case 1. kq > 0.
(1) If kq = 2s, s ≥ 1, then
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λ(rq) =(1− y)Q3s−1y{
q−1∑
j=1
mj(x− 1)y
−1λ(rj)}
+ (yx)3sλ(rq−1)−
s∑
j=1
(yx)3s−3j+2 +
s∑
j=1
(yx)3s−3jy.
(2) If kq = 2s− 1, s ≥ 1, then
λ(rq) ={(1− y)Q3s−2y + (yx)
3s−1}
q−1∑
j=1
mj(x− 1)y
−1λ(rj)
− (yx)3s−1y−1λ(rq−1) +
s∑
j=1
(yx)3s−3jy −
s−1∑
j=1
(yx)3s−3j−1.
Case 2. kq < 0.
(1) If kq = −2s, s ≥ 1, then
λ(rq) =(y − 1)Q−3sy
q−1∑
j=1
mj(x − 1)y
−1λ(rj) + (x
−1y−1)3sλ(rq−1)
−
s∑
j=1
(x−1y−1)3s−3j+2x−1 +
s∑
j=1
(x−1y−1)3s−3j+1.
(2) If kq = −(2s+ 1), s ≥ 0, then
λ(rq) ={(y − 1)Q−(3s+1)y + (x
−1y−1)3s+1}
q−1∑
j=1
mj(x− 1)y
−1λ(rj)
− (x−1y−1)3s+1y−1λ(rq−1) +
s∑
j=0
(x−1y−1)3s−3j+1
−
s∑
j=0
(x−1y−1)3s−3j+2x−1.
Using Proposition 4.2, we can show the following key proposition.
Proposition 4.3. For any rq, q ≥ 1, y
−1t−1λ∗(rq) is twin.
Proof. Since other cases can be proven in the same way, we prove only one case:
kq = 2s, s ≥ 1. We use induction argument.
Let q = 1. Then r = [6s], s ≥ 1, and
λ(r1) = −
s∑
j=1
(yx)3s−3j+2 +
s∑
j=1
(yx)3s−3jy.
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Therefore
y−1t−1λ∗(r1) = y
−1t−1{−
s∑
j=1
(yx)2t6s−6j+4 +
s∑
j=1
yt6s−6j+1}
= −
s∑
j=1
xyxt6s−6j+3 +
s∑
j=1
t6s−6j ,
that is obviously twin.
Now suppose y−1t−1λ∗(rj) is twin for j = 1, 2, . . . , q − 1. Then
y−1t−1λ∗(rq) = y
−1t−1(1− yt)Q3s−1(t)yt


q−1∑
j=1
mj(xt− 1)y
−1t−1λ∗(rj)


+ y−1t−1(yx)3st6sλ∗(rq−1)− y
−1t−1
s∑
j=1
(yx)3s−3j+2t6s−6j+4
+ y−1t−1
s∑
j=1
(yx)3s−3jyt6s−6j+1
=
q−1∑
j=1
mj{y
−1t−1(1 − yt)Q3s−1(t)yt(xt− 1)}y
−1t−1λ∗(rj)
+ t6s{y−1t−1λ∗(rq−1)} −
s∑
j=1
xyxt6s−6j+3 +
s∑
j=1
t6s−6j .
Since both y−1t−1λ∗(rj) and y
−1t−1(1−yt)Q3s−1(t)yt(xt−1) are twin by (4.2)(2),
Proposition 4.3 follows for this case. ✷
5. Proof of Proposition 3.2.(II)
To show det[ξ˜0(λ
∗(r))] = ϕ0(t
±3), it suffice to show det[ξ˜0(y
−1t−1λ∗(r))] = ϕ1(t
±3).
Now, since y−1t−1λ∗(r) is twin, we can write
y−1t−1λ∗(r) =
∑
−∞<j<∞
(cj + c
′
jxyx)t
3j
+
∑
−∞<j<∞
aj(x+ y)t
3j+1
+
∑
−∞<j<∞
bj(x
−1 + y−1)t3j+2,
where aj , bj , cj and c
′
j are integers and ak= bk for all k.
Denote A =
∑
j ajt
3j+1, C =
∑
j cjt
3j and C′ =
∑
j c
′
jt
3j . Then,
y−1t−1λ∗(r) = C + C′xyx+A(x + y) +A(x−1 + y−1)t.
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Using (2.2), we see that
D =det[ξ˜0(y
−1t−1λ(r))]
=det

 −A−At+ C − C′ A−At −A+At−A− C′ A+ C −A+ C′
−At− C′ −At+ C′ At+ C

 .
First add the second column to the third, then subtract the second row from the
third, and we have:
D = (C + C′){(−A−At+ C − C′)(−A−At− C + C′)− (A−At)2}
= (C + C′){4A2t− (C − C′)2}.
Since A = t
∑
j ajt
3j , we see A2 = t2{
∑
j ajt
3j}2 and thus
D =


∑
j
(cj + c
′
j)t
3j



4t3(
∑
j
ajt
3j)2 − (
∑
j
(cj − c
′
j)t
3j)2

 .
Therefore D is a polynomial in t±3.
This proves Proposition 3.2, and the proof of Theorem 3.1 is now complete.
Example 5.1. The following examples justify our main theorem.
(1) For r = 1/9, ∆˜ρ0,K(r)(t) = (1− t
3)(1− t3 + t6)(1 + t3 + t6)2.
(2) For r = 5/27, ∆˜ρ0,K(r)(t) = (1− t
3)(4 + 7t3 + 4t6).
(3) For r = 7/39, ∆˜ρ0,K(r)(t) = (1− t
3)(1 − 3t3 + t6)(1 + t3 + t6)2.
(4) For r = 29/75, ∆˜ρ0,K(r)(t) = (1− t
3)(4− t3)(1 − 4t3).
(5) For r = 227/777,
∆˜ρ0,K(r)(t) = (1− t
3)(1 − 3t3 + t6)(1 + t3 + t6)(2 − 3t3 + 2t6)
× (4− 36t3 − 35t6 − 71t9 − 35t12 − 36t15 + 4t18).
6. Metabelian representations
In this section, we discuss general metabelian representations of knot groups. First
we define metabelian groups on which the knot groups map [2].
Let p be a prime and let Φn be the n-th cyclotomic polynomial. We assume that
(n, p) = 1 and Φn is irreducible over Z/p. Let k be the degree of Φn. Let A(p, k)
denote the elementary abelian p-group of order pk, i.e. the direct product of Z/p
k-times. We define a semi-direct product Z/n ❡A(p, k) on which the knot groups
map. For convenience, we denote M(n|p, k) = Z/n ❡A(p, k). Consider A(p, k) as a
k-dimensional vector space over Z/p and take a basis forA(p, k), say {b1, b2, · · · , bk}.
Let T be the companion matrix of Φn over Z/p. Now, let s be a generator of Z/n and
fix it. An element g of M(n|p, k) is written as g = sℓag, where ag = b
λ1
1 b
λ2
2 · · · b
λk
k ,
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0 ≤ ℓ < n , and 0 ≤ λj < p, 1 ≤ j ≤ k . We define the action of Z/n on A(p, k) by
conjugation:
sags
−1 = ah, where ah = b
µ1
1 b
µ2
2 · · · b
µk
k is given by (6.1)
(λ1, λ2, · · · , λk)T = (µ1, µ2, · · · , µk). (6.2)
To define the twisted Alexander polynomial ∆˜ρ,K(t) associated to a metabelian
representation ρ, we need a faithful representation of M(n|p, k) in GL(m,Z) for
some m. Now let N = {1, s, s2, · · · , sn−1} be a subgroup of M(n|p, k) generated by
s and let N̂ = {N1 = N,N2, · · · , Npk} be the set of all right cosets of M(n|p, k)
mod N . Using (6.1), we see that the right multiplication of g ∈ M(n|p, k) on N̂
induces a permutation representation σ ofM(n|p, k) in Spk and hence in GL(p
k,Z)
via permutation matrices that is denoted by ξ .
Suppose that there is a homomorphism f from G(K) onto M(n|p, k) for some
n, p and k. (It is known that if such a homomorphism exists, then p divides∏
∆K(ωj), where the product runs over all primitive n-th roots ωj of 1.) Then f
induces a representation ρ = f ◦σ ◦ξ : G(K) −→M(n|p, k) −→ Spk −→ GL(p
k,Z).
We may assume without loss of generality that for one meridian generator x,
f(x) = s. (6.3)
Let ∆˜ρ,K(t) be the twisted Alexander polynomial of a knot K associated to ρ.
Then we propose the following conjecture:
Conjecture 6.1. ∆˜ρ,K(t) is of the form:
∆˜ρ,K(t) =
[
∆K(t)
1− t
]
ϕ(t), where ϕ(t) is an integer polynomial in tn. (6.4)
In the rest of this section, we discuss several examples that support this conjec-
ture.
Example 6.2. Consider a torus knot K(1/p), p being an odd prime. Let
G(K(1/p)) = 〈x, y|Wx = yW 〉, W = (xy)
p−1
2 , be a Wirtinger presentation. Since
Φp = 1+z+z
2+· · ·+zp−1 is irreducible over Z/2, G(K(1/p)) maps onM(p|2, p−1)
by a mapping f(x) = s and f(y) = sb1, and hence we obtain a metabelian represen-
tation ρp of G(K(1/p)), ρp : G(K(1/p))→M(p|2, p− 1)→ S2p−1 → GL(2
p−1,Z).
For example, if p = 3, thenM(3|2, 2) is the alternating groupA4 and ρ3 coincides
with ρ defined in (1.2). Let ∆˜ρ3,K(1/p)(t) be the twisted Alexander polynomial of
K(1/p) associated to ρ3. Then computations show that
(1)∆˜ρ3,K(1/3)(t) =
[
∆K(1/3)(t)
1− t
]
(1− t3).
(2)∆˜ρ5,K(1/5)(t) =
[
∆K(1/5)(t)
1− t
]
(1− t5)5(1 + t5)4. (6.5)
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It is quite likely that for any odd prime p,
∆˜ρp,K(1/p)(t) =
[
∆K(1/p)(t)
1− t
]
(1− tp)m(1+ tp)m−1, where m = 2p−2−
[
2p−1 − 1
p
]
.
(6.6)
Example 6.3. Consider M(4|3, 2) = Z/4 ❡(Z/3 ⊕ Z/3). Since Φ4 = 1 + z
2 is
irreducible over Z/3, the group has the following presentation:
M(4|3, 2) = 〈s, a, b|s4 = a3 = b3 = 1, ab = ba, sas−1 = b−1, sbs−1 = a〉. (6.7)
Let N = {1, s, s2, s3} be a subgroup ofM(4|3, 2) generated by s. Let N̂ = {N =
N1, N2, · · · , N9} be the set of all right cosets of M(4|3, 2) mod N . Let σ be the
permutation representation ofM(4|3, 2) in S9. For example, σ(s) = (1)(2435)(6897)
and σ(sa) = (1264)(5378)(9).
Now let G(K(r)) = 〈x, y|Rr = 1〉 be a Wirtinger presentation of G(K(r)). Then
the groups of 2-bridge knots K(3/5),K(3/7),K(5/13),K(11/17) and K(13/23)
map onto M(4|3, 2) by f(x) = s and f(y) = sa and a homomorphism : ρ(x) =
ξ(σ(s)) and ρ(y) = ξ(σ(sa)) defines a metabelian representation of G(K(r)).
The twisted Alexander polynomials ∆˜ρ,K(r)(t) associated to ρ are of the form :[
∆K(r)(t)
1−t
]
ϕK(r)(t), and ϕK(r)(t) is given as follows.
(1) ϕK(3/5)(t) = (1 − t
4)2,
(2) ϕK(3/7)(t) = 4(1− t
4)2,
(3) ϕK(5/13)(t) = (1− t
12)2,
(4) ϕK(11/17)(t) = (1− t
4)4(1 + t4 + t8)3 and
(5) ϕK(13/23)(t) = (1− t
4)2(4− 13t4 − 9t8 − 13t12 + 4t16). (6.8)
Example 6.4. Consider M(3|5, 2) = Z/3 ❡(Z/5 ⊕ Z/5). Since Φ3 = 1 + z + z
2 is
irreducible over Z/5, the group has a presentation: 〈s, a, b|s3 = a5 = b5 = 1, ab =
ba, sas−1 = b−1, sbs−1 = ab−1〉.
As is shown in Example 6.3, M(3|5, 2) can be represented in S25 ⊂ GL(25,Z).
The groups of 2-bridge knots K(3/7),K(7/11),K(9/23) and K(9/31) map onto
M(3|5, 2) by f(x) = s and f(y) = sa. The twisted Alexander polynomials associated
to ρ = f ◦ σ ◦ ξ : G(K(r)) −→ GL(25,Z) are of the form:
[
∆K(r)(t)
1−t
]
ϕK(r)(t) and
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we have
(1) ϕK(3/7)(t) = 16(1− t
3)8,
(2) ϕK(7/11(t) = (1− t
3)8(1− 3t3 − 2t6 − 6t9 − 5t12 − 6t15 − 2t18 − 3t21 + t24)2,
(3) ϕK(9/23)(t) =
(1− t3)8(1− 5t6 − 20t9 − 28t12 − 20t15 − 5t18 + t24)2
× (1− 5t3 + 10t6 − 10t9 + 7t12 − 10t15 + 10t18 − 5t21 + t24)2 and
(4) ϕK(9/31)(t) =
(1− t3)8(1 + 3t3 − 6t6 + 15t9 − 15t12 + 15t15 − 6t18 + 3t21 + t24)2
× (4 + 12t3 + 36t6 + 30t9 + 35t12 + 30t15 + 36t18 + 12t21 + 4t24)2. (6.9)
Example 6.5. Consider M(4|5, 2) = 〈s, a, b|s4 = a5 = b5 = 1, ab = ba, sas−1 =
b−1, sbs−1 = a〉. Since Φ4 is reducible over Z/5, we cannot apply the previous
argument, but we see that M(4|5, 2) can be represented in S25 ⊂ GL(25,Z) and
the group of a 2-bridge knotK(5/9) maps ontoM(4|5, 2) by f(x) = s and f(y) = sa
and hence G(K(5/9)) has a metabelian representation ρ in GL(25,Z). The twisted
Alexander polynomial of K(5/9) associated to ρ is given by
∆˜ρ,K(5/9)(t) =
[
∆K(5/9)(t)
1− t
]
16(1− t4)6. (6.10)
In the last three examples below, we consider a non-rational knot K = 85 and
non-alternating knots 10145 and 10159 in Rolfsen table, and show that Conjecture
6.1 holds for K.
Example 6.6. LetK be the knot 85. The groupG(K) has aWirtinger presentation
[5, Example 10.5]:
G(K) = 〈x, y, z|R1, R2〉, where
R1 = (x
−1y−1zyxy−1x−1y−1)x(yxyx−1y−1z−1yx)y−1, and
R2 = (xzyxy
−1)z(yx−1y−1z−1x−1)y−1.
We see that G(K) maps on a metabelian group M(3|2, 2) that is an alternating
group A4. (We note that ∆K(t) = (1 − t+ t
2)(1 − 2t+ t2 − 2t3 + t4)). A mapping
f(x) = f(z) = (123) and f(y) = (142) induces an A4-representation ρ of G(K) into
GL(4,Z). The twisted Alexander polynomial is given by
∆˜ρ,K(t) =
[
∆K(t)
1− t
]
(1− t3)(1− 8t3 − 6t6 − 8t9 + t12). (6.11)
Example 6.7. LetK be the knot 10145. The Alexander polynomial ∆K(t) is 1 + t−
3t2 + t3 + t4. The group G(K) has a Wirtinger presentation:
G(K) = 〈x, y, z|R1, R2〉, where
R1 = (y
−1zx−1z−1yzxy−1x−1z−1)y(zxyx−1z−1y−1zxz−1y)z−1, and
R2 = (z
−1y−1zx−1z−1yzxy−1)z(yx−1z−1y−1zxz−1yz)x−1.
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Now we see that G(K) maps on the group M(5|2, 4) = Z/5 ❡(Z/2)4. This group
has a presentation:
〈s, b1, b2, b3, b4|s
5 = b2i = 1, bibj = bjbi, 1 ≤ i, j ≤ 4,
sb1s
−1 = b−14 , sb2s
−1 = b1b
−1
4 ,
sb3s
−1 = b2b
−1
4 , sb4s
−1 = b3b
−1
4 〉. (6.12)
We see easily that a mapping f(x) = sb1b2b3b4, f(y) = sb1 and f(z) = s is, in fact,
a homomorphism and we can represent M(5|2, 4) in GL(16,Z). Then the twisted
Alexander polynomial of K associated to a representation ρ : G(K) −→ GL(16,Z)
is given as follows.
∆˜ρ,K(t) =
[
∆K(t)
1− t
]
(1− t5)(1 + 14t5 + t10)(1 + 3t5 + t10). (6.13)
Example 6.8. Let K be the knot 10159. The Alexander polynomial ∆K(t) is (1−
t + t2)(1 − 3t + 5t2 − 3t3 + t4). The group G(K) has a Wirtinger presentation:
G(K) = 〈x, y, z|R1, R2〉, where R1 = (xzx
−1z−1y−1zy)x(y−1z−1yzxz−1x−1)y−1,
and R2 = (x
−1yxzx−1z−1x−1y−1z−1)y(zyxzxz−1x−1y−1x)z−1. We see that G(K)
maps on two metabelian groups M(3|2, 2) and M(5|2, 4). The first group is an
alternating group A4 and a mapping f(x) = f(y) = (123) and f(z) = (142) induces
an A4-representation ρ of G(K) into GL(4,Z). The twisted Alexander polynomial
is given by
∆˜ρ,K(t) =
[
∆K(t)
1− t
]
(1− t3)(1− 3t3 − 3t6 − 3t9 + t12). (6.14)
Now consider the second group M(5|2, 4) = Z/5 ❡(Z/2)4. This group has a presen-
tation (6.12). We see easily that a mapping f(x) = s, f(y) = sb1b4 and f(z) = sb1 is
a homomorphism. As before, we representM(5|2, 4) in GL(16,Z). Then the twisted
Alexander polynomial of K associated to a representation ρ : G(K) −→ GL(16,Z)
is given as follows.
∆˜ρ,K(t) =
[
∆K(t)
1− t
]
ϕ(t), where (6.15)
ϕ(t) = (1−t5)(1+3t5+t10)(1−31t5+12t10−31t15+t20)(1+5t5+52t10+5t15+t20).
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